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Numerical Investigation of Supersonic Injection
Using a Reynolds-Stress Turbulence Model
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and
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The full, three-dimensionalFavré-averaged Navier–Stokes equations, coupled with the second-order Zhang et al.
(Zhang, H., So, R., Gatski, T., and Speziale, C., “A Near-Wall Second-Order Closure for Compressible Turbulent
Flows,” Near-Wall TurbulentFlows, edited by R. So, C. Speziale, and B. Launder, Elsevier, New York, 1993,pp. 209–

218) Reynolds-stress turbulence and K–² models, were used to numerically simulate a 25-deg, Mach 1.8 injection
into a Mach 3.0 cross� ow. Detailed comparisonswith experimental data were performed. Analysis of the Reynolds-
stress turbulence model simulation results revealed physically consistent and accurate predictions for mean � ow
and turbulent quantities, whereas the simulations with the K–² model resulted in nonphysical and inconsistent
turbulence predictions. Analysis of the three-dimensional � ow� eld simulation with the Reynolds-stress turbulence
model shows that the shock structure downstream of the oblique barrel shock was a mirrored image of the leeward
side of the oblique barrel shock. Furthermore, the downstream location where vortical motion was initiated in the
jet plume was caused by the recompression shock-induced vortices. These vortices were generated through the
combined effects of the in� ow air upwash behind the plume and the mirrored oblique barrel shock.

Nomenclature
D t ; Dv = turbulent and viscous diffusion
D²; Dt

² = dissipation-ratedestruction and diffusion
Dº

² = viscous diffusion of dissipation rate
d = exit diameter of nozzle
E = speci� c total energy
e = speci� c internal energy
f¹ = turbulence model wall damping functions
H = speci� c total enthalpy
i; j; k = grid dimension
K = turbulence kinetic energy
M = Mach number
Mi j = mass � ux variation
n = normal to surface
Pi j ; P² = turbulent and dissipation production
p = static pressure
qi = heat-transfer rate per unit area
T = temperature
t = time
ui = velocity vector
xi = position vector
° = ratio of speci� c heats
±i j = Kronecker delta
² = turbulence dissipation rate
²i j = turbulence dissipation-rate tensor components
· = thermal conductivity coef� cient
¸ = second bulk viscosity coef� cient
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¹ = � rst bulk viscosity coef� cient molecular viscosity
¹t = turbulent eddy viscosity
5i j = pressure dilatation
½ = density
¾i j = shear-stress tensor components
¿i j = Favré-averaged Reynolds-stress tensor components

Subscripts

j = jet quantity
t = stagnation value, turbulent value
wall = wall value
1 = freestream or undisturbed value

Superscripts

Q = mean value of Favré-averaged variable
00 = � uctuating value of Favré-averaged variable
N = time-averaged value

Introduction

R ESURGENT interest in supersonic/hypersonic vehicles and
highly maneuverable aircraft employing thrust-vector control

has prompted a � urry of experimental and numerical investigations
attempting to describe the � ow� eld generated by transverse jet in-
jection into supersonic � ow (TJISF).1– 8 Comprehensive descrip-
tions and accurate predictionsof the shock structureand turbulence
generated by this � ow� eld are critical to the design of scramjet
combustors,9 � lm-cooled turbine fans,10 rocket-motor thrust-vector
regulation systems11 and high-speedvehiclesusing reaction control
jets.11 However, incompletedata describingthe physics of the � ow-
� eld and the accompanying turbulent stresses generated by TJISF
continue to hinder major advances in many areas of the aerospace
industry.

One of the driving thrusts of research into TJISF is enhanced
mixing of fuel and air in SCRAMjet combustors.Thrust production
from a SCRAMjet is often described as mixing limited9 because
the time available to mix the fuel and air, combust the mixture, and
exhaust the productsis on the orderof milliseconds.3 ;4 Among other
things,mixing ef� ciency is dependenton injectionangle, fuel-to-air
pressure ratio, total pressure and shock losses, and fuel penetration
depth.9
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Fig. 1 Schematic of a three-dimensional normal injection � ow� eld.6

Injectionangle is critical to fuel penetrationdepth, and a compro-
mise between the two extremes of normal and tangential injection
is oblique injection. Mays et al.4 has shown that oblique injection
can result in deep injectant penetration and still have a signi� cant
contribution to the streamwise momentum of the exhaust. Thus,
the potential advantages of oblique injection have resulted in many
studies trying to characterize this injection technique.1 – 8 ;12

A discussion by Santiago and Dutton6 of the three-dimensional
� ow� eld shown in Fig. 1 reveals the limited knowledge currently
available for this class of � ow� elds. Depicted in Fig. 1 is the � ow-
� eld generated by TJISF through a circular nozzle normal to the
freestream. It is generally accepted that a bow shock is generated in
the freestream by the obstruction of the injectant (not shown) and
that after leavingthe ori� ce the jet expandsthrougha Prandtl–Meyer
fan, recompressesthrougha barrel shock, and ends with a sonicdisk
(Mach disk). Within the plume the injectant is turned downstream
and at some point within the jet plume, a pair of counter-rotating
cross� ow vortices form. Santiago and Dutton6 assert that this vor-
tical or secondary � ow is the primary source of entrainment of the
surrounding in� ow air into the injectant. Other vortical structures
identi� ed by Santiago and Dutton6 are the horseshoevortices (a sec-
ondary � ow), which wrap around the upstream side of the jet and
trail downstream, and wake vorticesperiodicallyshed near the base
of the inner jet core.

Missing from Santiago and Dutton’s discussion of the � ow� eld
is an analysis detailing where the cross� ow vortices form within
the plume, the mechanisms that start the rotation, and a descrip-
tion of the � ow� eld immediately surrounding the nozzle ori� ce.
This omission is typical of the discussions for similar � ow� elds
investigated.2– 5 ;8 ;13 – 17

Accuratepredictionsof the turbulentReynoldsstressesare critical
to a better understanding of how the mean � ow variables interact
with the turbulent eddies created by injection,4 ;6 and the high cost
associatedwith full-scalewind-tunnel testing dictates that potential
engine designs be dry tested prior to wind-tunnel testing and test
stand � ring. One of the most cost-effectivemethods for dry testing
a design is computational � uid dynamics (CFD). Unfortunately,the
full potential of CFD for the study of TJISF is still far from being
realized because of a lack of robust turbulence models capable of
accurately describing the complex turbulent � ow� eld generated by
TJISF.

Efforts to numericallysimulate three-dimensionalinjection � ow-
� elds have historically been con� ned to algebraic mixing-length
modelsandeddyviscositymodels.8 ;12;17– 19 Althoughthesesimula-
tionshaveprovidedtheengineeringcommunitywith grossestimates
of the � ow� eld structure, these classes of turbulence models are
incapable of correctlymodeling secondary � ow structures or turbu-
lent stressesassociatedwith injection� ow� elds.20;21 The overriding

de� ciency of these model formulations is their inability to correctly
model the components of the Reynolds-stress tensor ¿i j (Ref. 21).
This tensor, henceforth referred to as the Favré-averagedReynolds-
stress tensor (FARST), represents the � uctuating stresses encoun-
tered in a turbulent � ow� eld and is de� ned in component form as

¿i j ´ u 00
i u 00

j .1/

where the double-primed velocities represent the Favré-averaged
� uctuating component of the instantaneousvelocities and the over-
bar represents time averaging.

In eddy viscositymodels the FARST is modeled with the Boussi-
nesq approximation,which states “that the principal axes of the : : :
[components of the FARST] : : : are coincident with those of the
mean strain-rate tensor, Si j , at all points in a turbulent � ow, : : :
[where] : : : the constant of proportionality between ¿i j and Si j is
the eddy viscosity,¹t .”21 This approximationprovidesadequate re-
sults for a limited number of � ow� elds but often provides poor
turbulent stress predictions for many other � ow� elds, including
three-dimensional � ows, � ows in ducts with secondary motions,
and rotating � ows.21

Second-order Reynolds-stress models (RSTM) can predict sec-
ondary � ow structures and the Reynolds stresses found in the afore-
mentioned� ow� elds,but thesemodels aremuchmore complex than
the eddy viscositymodels. In addition to the � ve thermomechanical
equations, RSTMs require six transport equations to describe the
behavior of ¿i j and a seventh equation to model the transport of the
dissipation rate. An RSTM overcomes many shortcomingsinherent
to the Boussinesq approximationbecause it automatically accounts
for convection and diffusion of ¿i j and the effects of � ow history.21

These models also include convection and production terms that
automatically respond to effects such as streamline curvature and
system rotation.21 Finally, the RSTM “gives no a priori reason for
the normal stresses to be equal when the mean strain rate vanishes.
Rather their values will depend upon initial conditions and other
� ow processes, so that the model should behave properly for � ows
with sudden changes in strain rate.”21

This paper builds on the numerical investigation results pre-
sented in Chenault et al.22 This investigation takes advantage of
recent advances in computational resources to numerically simu-
late the three-dimensional injection experiments of McCann and
Bowersox.5 Using the second-orderZhang, So, Gatski,and Speziale
(ZSGS) RSTM23 to provide turbulence closure, this investigation
validates the ZSGS RSTM for TJISF and presents a detailed anal-
ysis of the turbulent � ow� eld surrounding the nozzle ori� ce. This
analysis identi� es the region where rotation starts within the jet
plume and the mechanism that causes the rotation.

A detailed description of the experimental con� guration nu-
merically simulated for this study is found in Ref. 5. However,



CHENAULT, BERAN, AND BOWERSOX 1259

Table 1 Injection parameters5

Parameter Value

Pt j =Pt1 1.93
Pj =P1 10.5
u j =u1 0.79
½ j =½1 6.47
.½u/ j =.½u/1 5.12

Table 2 Normalized random
error analysis results24

Measurement Error, %

pt =pt1 11.0
½u i =.½u/1 6.0
Reynolds stresses 20.0

the features salient to this simulation are outlined next. Freestream
conditions at the wind-tunnel test section entrance were M1 D
2:9, Re/m D 15 £ 106 , Pt1 D 2:0 § 0:03 atm, and Tt1 D 294 § 2 K.
The wind tunnel’s rectangular test section was 28 cm long with
cross-sectionaldimensionsof 6:35 £ 6:35 cm. A conicalnozzlewas
used to inject pressurizedair at a Mach numberof 1.8 into the in� ow
air. The injector was set along the centerlineof the test section � oor
and angled 25 deg downstream. The nozzle throat and exit diam-
eters were 3.264 and 3.861 mm, respectively. Because the injector
was at an angle, the exit port was elliptical with major and minor
axes measuring9.14 and 3.861mm. The exit diameterof the conical
nozzle d D 3:861 mm is used as the reference length throughoutthis
study. The injectant total pressure and temperature were 3:8 § 0:03
atm and 294 § 2 K. Table 1 summarizes the injection mean � ow
parameters.

McCann and Bowersox reported mean � ow and turbulence data
20 diameters downstream of the nozzle exit, and to facilitate com-
parison of the numerical results to the experimental data their data
collection grid is superimposed over the contour plots of variables
for which experimental data are available. Numerical uncertainty
estimates provided by McCann and Bowersox are summarized in
Table 2 (Ref. 24).

Numerical Solver and Governing Equations
The numerical solver used for this study was NASA Langley

Research Center’s ISAAC.25 ISAAC was selected for this study
because it is a reasonably mature program with documented val-
idation of the turbulence models incorporated into its solution
algorithm.25 ;26

ISAAC is a three-dimensional � nite volume program that uses
time integration of the governing equations.The integration is per-
formed with a diagonalized, approximate factorization scheme.25

Second-orderspatial accuracy for the inviscid terms is attainedwith
the MUSCL scheme of van Leer27 and a generalized form of Roe’s
approximateRiemann solver,28 and the Venkatakrishnanlimiter29 is
used to avoid spurious oscillations in the neighborhoodof disconti-
nuities.

The governingequationsfor this � ow� eld are the Favré-averaged
Navier–Stokes (FANS) equations coupled with either the second-
order ZSGS RSTM23 or the ZSGS K –² model.23 The forms of the
FANS equations incorporatedby Morrison25 into ISAAC:

N½;t C . N½ Quk /;k D 0 (2)

. N½ Qui /;t C . N½ Qu i Quk C Np±i k/;k ¡ . Q¾i k ¡ N½¿ik /;k D 0 (3)

. N½ QE /;t C . N½ Quk
QH /;k ¡ Dº

ii C Dt
iik C Qui Q¾i k ;k

¡ .u 00
i Q¾i k ¡ N½ Qui ¿i k ¡ Qqk ¡ C p N½u00

k T 00/;k D 0 (4)

where .¢/;¤ indicates a partial derivative with respect to time or the
spatial coordinate xi . The nomenclature used in these equations
is de� ned as QE ´ Qe C 1

2
Qu i Qu i C K , speci� c total energy; QH ´ Qh C

1
2

Qui Qui C K , speci� c total enthalpy; Q¾i k D 2 N¹ QSik C Ņ QS j j ±ik , com-

ponents of the shear-stress tensor, where Stokes hypothesis ¸ D
¡ 2

3 ¹; QSik D 1
2 . Qu i;k C Quk;i /, components of the strain-rate tensor;

Qqk D ¡· QT;k , convective heat � ux; Dii
º D u i

0¾i k
0 , viscous diffusion of

turbulent stresses; Diik
t D ¡ 1

2
N½uk

00ui
00u i

00, turbulent diffusion of turbu-
lent stresses; C p N½uk

00T 00, turbulent heat � ux; K D ¿ii =2, turbulent
kinetic energy; and ¿ik D ui

00uk
00, FARST. This de� nition of ¿ik is

adopted to maintain consistency with sources and software cited
from the NASA Langley Research Center; the more common de� -
nition is ¿ik D ¡½u i

00uk
00.

In this study, turbulence closure of Eqs. (2–4) is achieved with
either the ZSGS RSTM or the ZSGS K –² model. Although sev-
eral other Reynolds stress and K –² turbulencemodels are available
in ISAAC, these two were selected because they were speci� cally
developed for supersonic compressible � ows, and both have been
extensivelyvalidated for � at plate � ow� elds,23 � ow� elds generated
by compression ramps,26 and � ows around axisymmetric bodies.25

The desirability of these two models for this study was further en-
hanced by the fact that the ZSGS K –² model is a contracted form
of the ZSGS RSTM, thus allowing a direct comparison of the re-
sults without excessive quali� cation of the development of the two
models.

The conservative forms of the Favré-averaged, Reynolds-stress
transport equation as incorporated in ISAAC is25

. N½¿i j /;t C . N½ Qu i ¿i j /;k D Dº
i jk ;k C D t

i j;k C Pi j ¡ N½²i j C 5i j C Mi j

(5)

Contracting Eq. (5) results in the K transport equation, which is
given as

. N½K /;t C . N½ Qu;k K /;k D Dº
ii k;k C Dt

i i;k C Pii ¡ N½²ii C 5ii C Mii

(6)

Both models sharea commonformof thedissipation-rate² transport
equation, which is given as

. N½²/;t C . N½ Quk²/;k D Dº
²;k C D t

²;k C P² ¡ D² C 9 C » .7/

The Boussinesq approximation used to compute the Reynolds
stresses in the K –² model is formulated as

¿i j D ¡2.¹t= N½/ QSi j ¡ 1
3

QSkk ±i j C 2
3
K ±i j .8/

where

¹t D C¹ f¹ N½.K 2=²/ .9/

Closure constants and models for the many higher-order terms in
Eqs. (2–9) are provided by Zhang et al.23 and Chenault.30

In addition to the turbulencemodels, an equation of state must be
speci� ed for system closure. The perfect gas equation of state used
for this study is

Np D N½.° ¡ 1/ QE ¡ Qu2
i 2 ¡ K .10/

where ° is the ratio of speci� c heats.31

Boundary and Initial Conditions
The computational domain for the grid used in this study had

six sides. In this grid the plane de� ned by y=d D 0 corresponds to
the solid surface of the test section with a hole cut in it for the jet,
whereas the planes at the streamwise extremes are the in� ow and
out� ow planes.

Because the undisturbed freestream in the test section is su-
personic, all dependent variables were assigned their respective
freestream values as an initial condition. (An in� ow boundary
layer was not modeled.) For this purpose a turbulence intensity
(TI) is de� ned as TI ´

p
.2=3K1/=u1 , where the value of TI was

taken as 0.016% (Ref. 5). Thus, for the K –² model, K1 is com-
puted directly from the de� nition of TI such that K1 D 3

2
.TIu1/2.

For the RSTM the initial values of ¿x x , ¿yy , and ¿zz are deter-
mined by assuming the freestream turbulence is homogeneous and
isotropic. Thus, from the de� nition K ´ .¿x x C ¿yy C ¿zz/=2 one ar-
rives at ¿x x1 D ¿yy1 D ¿zz1 D 2=3K1 and ¿x y1 D ¿x z1 D ¿yz1 D 0.
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The freestream dissipation rate for both turbulence models is com-
monly found by setting ¹t1 D ¹1 in Eq. (9) such that ²1 D
½1 K 2

1=¹1 (Refs. 11 and 18).
At the test-section surface, the no-slip condition u D v D w D 0

is invoked along with @p=@n D 0 and the adiabatic wall condition
@T=@n D 0. The homogeneous condition applies to the Reynolds
stresses at the wall such that K D ¿i j D 0. To maintain asymptotic
consistency at the wall, ² D 2 Nº.@

p
K=@y/2 is used as the boundary

condition for the dissipation-rateequation.25

Injectant mean � ow properties used for this simulation are listed
in Table 1 and correspond to � uid injection at Mach 1.8. However,
at the interface between the lower test section wall and the nozzle
exit a discontinuity exists. During the initial phase of this research,
this discontinuityresulted in unstable behavior in the solution algo-
rithm. Therefore, a blending algorithmsimulating a boundary layer
at the edge of the nozzle is used to smooth transition between the
surrounding� ow� eld propertiesand injectantmean � ow properties.
This boundary layer is simulated with a truncated and shifted tanh
function. The details of its implementation are found in Ref. 30.

Ideally, turbulence levels for K , ¿i j , and ² should be speci� ed
along injector exit boundary. However, this information is gener-
ally not available for computational efforts. Therefore, in a manner
similar to that used by Rizzetta,11 uniform boundary conditions of
@ K=@n D @¿i j=@n D @²=@n D 0 are usedfor the turbulencevariables
at all locationsovertheout� owplaneof thenozzle.The acceptability
of the numerical resultsbasedon these conditionsmust be evaluated
by comparison of the numerical results with the experimental data.

At the streamwise out� ow plane the x– y planes at the sidesof the
domain and the upper x –z plane, a � rst-orderextrapolationfrom the
interior was used as the boundary condition such that @.¤/=@n D 0,
where ¤ is any of the conserved variables and n is the coordinate
normal to the surface of interest.

Results
Quantitative and qualitative comparisons and evaluations of nu-

merical simulation resultsand experimentaldata are reported in this
section. This section begins with a discussionof the grid-resolution
studyperformedto arriveat the grid con� gurationused in this study.
This is followed by a quantitative evaluation of selected mean � ow
and turbulent quantities simulated with the two turbulence mod-
els and a comparison of these simulations to experimental data.
This section concludeswith a qualitativeevaluationof the � ow� eld
expansion/shock structure simulated with the ZSGS RSTM and a
discussion of the � ow� eld mechanisms that generate the vortical
motion within the injection plume.

Computational Grid
The computational grid used in this study (Fig. 2) has i; j; k di-

mensions of 275 £ 106£ 102 and physical dimensions of x=d D
¡5–21, y=d D 0–5.2, and z=d D ¡ 3:25–3.25. Spatial modeling
of the nozzle out� ow plane consisted of 92 equidistantly spaced
streamwisenodesand 43 equidistantlyspaced spanwisenodes.Spa-
tial modeling of the � ow� eld upstreamof the nozzleconsistedof 49
streamwise nodes, and the remaining 135 streamwise nodes were
used to model the � ow downstreamof the nozzle. One-dimensional
tanh stretching was used in all regions that were not equidistantly

Fig. 2 Computational grid.

spaced. In the normal direction, away from the solid wall, an initial
spacing ensuring yC < 1 was used. The domain of this grid was not
required to extend to the upper and side walls of the test section
because the re� ected shocks from these walls did not interact with
the injection � ow� eld prior to x=d D 20 (station 20).

The mesh sensitivity studies conducted to arrive at this grid con-
� gurationconsistedof examinationof coarse,medium, and � ne grid
meshes. Each of the conserved variables was examined for spatial
convergencein the x – y plane de� ned by z=d D 0 and the y– z plane
de� ned by x=d D 8:0. Streamwise and normal grid-convergence
sensitivity studies were conducted using grids with i £ j dimen-
sions of 181 £ 61, 339 £ 121, and 508 £ 181, respectively. These
grids were evaluated for spatial convergence of all conversed vari-
ables. The contour plots shown in Fig. 3 for the U component of
velocity are characteristicof all of the conservedvariables. In these
contour plots there are clear differences between the results of the
coarse and the medium grids, and although there were some dif-
ferences between the results of the medium and the � ne grids, they
were signi� cantly smaller than the results of the previous compari-
son. Grid convergencein the x – y plane had been obtained with the
two � nest grids, and in light of the limited resources available for
the full three-dimensionalsimulations, the dimensions and spacing
of the medium grid were used for the x – y plane.

Transverse grid-convergence sensitivity studies were also con-
ducted for the conservedvariables.This study was performed using
gridswith i £ j £ k dimensionsof 261 £ 121 £ 31,261 £ 121£ 61,
and 261£ 121 £ 91, respectively, for the coarse, medium, and � ne
grids. Each of these grids modeled half of the test section, and the
streamwise domain was limited to x=d D 8:0 to reduce the com-
putational resources and run times required to preform the simu-
lations. The streamwise spacing up to x=d D 8:0 used the spacing,
whichwasdeterminedto begridconvergentin theprecedingsection.
This location (x=d D 8:0) was selected as the streamwise limit be-
cause experimentaldata and the two-dimensionalsimulation results
implied that the structure of the � ow� eld did not undergo drastic
changes beyond this point. Thus, the assumption was made that if
the solution was grid converged in the y–z plane at this streamwise
locationextensionsof the grid to other downstream locationswould
also be grid converged in the y–z plane.

The contour plots shown in Fig. 4 for the V component of veloc-
ity are characteristic of all of the conserved variables. As with the
two-dimensional analysis in the x – y plane, there were clear differ-
ences between the results of the coarse and medium grids for each
of the variables examined. And again, although there were some
differences between the results of the medium and � ne grids, they
were signi� cantly smaller than the differences seen in the preced-
ing comparison. Thus, grid convergence in the y– z plane had been
obtained with the two � nest grids, and once again, in light of the
limited resources available for the full three-dimensional simula-
tions and the run-time requirements of the RSTM, the dimensions
and spacing of the medium grid were used for the y–z plane.

Two techniques were used to determine convergence of the cal-
culations. Initially, the L2 norm of the residual was followed as an
indicatorof error reduction.Once the residual valueshad leveledoff
or began oscillating about some � xed value (usually after decreas-
ing three orders of magnitude), the solution itself was monitored.
Convergence was declared once the general � ow properties such as
Mach number, static pressure, and K had stopped changing when
visually inspected on contour plots.

Comparison to Experimental Data
Two distinct � ow regions are identi� ed in the contour plots of

the experimental data collected at station 20 for the mean � ow and
turbulence variables. In the middle part of each contour plot is the
injectant plume, and in the lower part of the plot is the boundary
layer.The separationof the plume and boundarylayer is clearlyseen
in the experimental data for the U component of velocity (Fig. 5a).
In this � gure there is a region where the streamwise velocity of
the plume is markedly different from the surrounding � ow� eld. At
this station the axial velocity in the plume has increased from the
initial nondimensional streamwise velocity .U D Qu=Qa1/ of 2.2 at
the nozzle exit to about 2.6. This is still lower than the surrounding
� ow� eld’s streamwise velocity of 2.8. The lateral extent of the jet
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Fig. 3 Two-dimensional mesh study results for U component of velocity.

plume has increased from the initial value of 1:036d at the nozzle
exit to approximately 3.75d . A bottleneck in the contours form on
the lower side of the plume as the injectant rises farther above the
boundary layer with increasingdistance downstream of the nozzle.
The indentations along the bottom of the plot at z=d D 0:0 and 2.0
indicate the upper limits of the boundary layer.

Only minor differences are seen in the predictions from the two
turbulence models for the U component of velocity (Figs. 5b and
5c). In these � gures the height, vertical extent, and lateral extent
are measured as shown in Fig. 5b. These � gures show the predic-
tions from both models agree well with the experimental data. The
predicted height from the RSTM of 4:0d (Fig. 5c) is only 1% less
than the experimentally measured value of 4:03d , and the height
from the K –² model of 4:2d (Fig. 5b) is only 4% greater than the
experimental value. The numerical predictions for the vertical ex-
tent of the plume are 2:6d from RSTM and 2:7d from K –². Both

of these predictionsare in good agreement with the experimentally
measured value of 2:62d (1.5% for RSTM and 3% for K –²). The
numerical predictionsfor the lateral extentof the plume have poorer
agreement with the experimentally measured value of 3:7d . Both
models predicted lateral extents of 2:90d , or a 21% difference. Al-
though the numerical results for the lateral extent are disappointing,
they are consistent with numerical results reported by Fuller and
Walters.13 Generally, the predicted magnitude from both models
of U surrounding the plume is slightly larger than the experimen-
tally measured magnitudes over most of the domain. This may be
a consequence of assuming uniform in� ow conditions rather than
simulating an in� ow boundary layer.

Some minor asymmetric behavior about z=d D 0:0 that does
not appear in the numerical results is seen in the experimental
data. Asymmetries such as these are also reported by Hart� eld
and Bayley,14 Wilson et al.,32 and Mays et al.4 This asymmetric
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Fig. 4 Three-dimensional mesh study results for V component of velocity.

behavior may be attributable to a combination of imperfections in
the test section and nozzle, systematic errors in the data collection
procedure, and the coarsenessof the data collectionmatrix.5;30 It is
equallypossiblethese asymmetriesare causedbyunstabletransients
in the � ow� eld, which are damped out of the numerical solution.

The experimental data seen in Fig. 6a for ¿x y , where ¿xy =U 2 D
.¿x yd =a2

1/.a2
1=Qu2/ D ¿x yd =Qu2 and both ¿x yd and Qu are dimensional

quantities, show a central core of positive shear stress slightly off-

set to the right of the centerline. However, the extent of positive
shear stress is relatively symmetric about the centerline. This pos-
itive shear stress is surrounded by a horseshoe-shaped region of
negative shear stress, which is also centered about the line de� ned
by z=d D 0:0. However, the magnitude of the negative shear stress
is greater on the side where z=d < 0:0.

The predicted structure of ¿x y is not consistent between the two
turbulence models. The horseshoe-shaped region and the positive



CHENAULT, BERAN, AND BOWERSOX 1263

a)

b)

c)

Fig. 5 U component of velocity at station 20 with experimental data
collection grid overlaid (U = Äu/ Äa1 ).

central core identi� ed in Fig. 6a are predicted by both turbulence
models. However, as seen in Figs. 6b and 6c, only the RSTM cor-
rectly predicted the relative location of the horseshoestructure with
respect to the central core. The K –² model incorrectlypredicted the
location of the horseshoestructure,placing it well above the central
core of positive stress.

In general, the RSTM predictions for ¿x y are consistent with the
experimental data in that they smoothly progress from the large
positive values in the central core to the negative values away from
the centerline. In contrast to this, the K –² predictionssimply re� ect
a change in the sign of @U=@y.

A mathematical explanation of the differences is readily avail-
able if a Cartesian coordinate system centered at z=d D 0:0 and
y=d D 2:75 is superimposedover the contours in Fig. 6. In the K –²
model ¿x y is computed from Eq. (8) and is of the form

a)

b)

c)
Fig. 6 ¿xy at station 20 with experimental data collection grid overlaid.

¿x y D ¡¹t

N½
@U

@y
C @V

@ x
(11)

At station 20, @V=@x ¿ @U=@y, and from the results shown in
Figs. 6b and 6c, within the plume @U=@y dominates @V=@x . Thus,
in the two upper Cartesian quadrants¿x y is negativebecause@U=@y
is positive, and in the two lower Cartesian quadrants ¿xy is positive
because @U=@y is negative. Furthermore, because @U=@z is not
accounted for in Eq. (11), the K –² model predictions for ¿x y near
the edges of the plume are negligible.

In contrast to the K –² model, predicted changes in ¿x y from the
RSTM correspondto radial changes in the velocitygradients.When
a radial line drawn from the origin of the superimposed Cartesian
coordinate system passes through negative gradients of U , ¿xy be-
comes more positive, and when positive gradients are encountered,
¿x y becomes more negative.
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In addition to correct qualitative predictions for ¿x y from the
RSTM, its quantitativepredictions also show good agreement with
the experimental data. The RSTM correctly predicted the range of
the vertical extent of the positive shear stress, placing it between
y=d D 2:4 and 3.3, whereas the K –² model incorrectly places the
range between y=d D 2:3 and 2.7. The experimentally determined
range is between y=d D 2:2 and 3.4. The RSTM prediction for the
lateral extent is also more accurate than that of the K –² model. The
RSTM placed the range of the lateral extent between z=d D ¡1:54
and 1.54, whereas the range predictedby the K –² model is between
z=d D ¡0:74 and 0.74. The experimental data showed the range of
the lateral extent of the plume is actually between z=d D ¡1:99 and
2.0. Thus, the range predicted by the RSTM is 22% smaller than
the experimental range, whereas the range predicted by the K –² is
63% smaller than the experimental range.

Based on the information just presented,several general observa-
tions about the accuracy of the turbulence models are appropriate.
The choice of turbulence model does not have a signi� cant effect
on the predicted value of the U component of velocity outside of
the boundary layer. To within 7%, both turbulencemodels correctly
predict the value of U at station 20. In contrast, model selection
has a signi� cant effect on the distribution and magnitude of ¿x y .
Generally, correct predictions of the shape and magnitude of ¿x y

contours by the RSTM demonstrate the validity of this model for
TJISF. The incorrect prediction of the distribution of ¿x y with the
K –² formulation indicates that this model is not appropriate for
accurate simulation of TJISF. Therefore, further simulation results
from the K –² model are not reported here.

Flow� eld Analysis
An evaluation of the � ow� eld shock structure generated by the

injection is presented in this section. Furthermore, a description of
the mechanisms resulting in the secondary � ow� elds is presented.
This analysis brings to light two signi� cant facts associated with
injection � ow� elds. First, the shock structure downstream of the
oblique barrel (OB) shock is a mirrored re� ection of the shock
structure upstream of the OB shock, and second, the downstream
vortical motion within the plume is a result of this mirrored shock
structureand the upwashof in� ow air de� ected from the test-section
surface behind the nozzle ori� ce.

The pressure ratio used by McCann and Bowersox5 for the injec-
tant and in� ow air was insuf� cient to form a Mach disk at the top
of the expansion plume or a sonic barrel shock around the plume.
This situation is re� ected in Fig. 7, which is a contour plot of the
Mach number at the test-section centerline. However, Fig. 7 shows
that a shock disk and an OB shock do form as a result of pressure
equalization.The barrel shock is called oblique because outside of
the boundary layer it does not cause a sonic condition around the
plume.

The expanding injection plume has characteristics similar to an
underexpandedrocket exhaust.30 Like a rocket exhaust, the injectant

Fig. 7 Expansion and shock structure in the x–y plane.

plume contains alternating regions dominated by expansion and
compressionwaves re� ectingoff of theplumeboundaries.However,
unlike the rocket exhaust, the in� ow air impacting on the upstream
side of the injectantplume results in a nonuniformbackpressureact-
ing on the injectantplume. This backpressurenonuniformityand the
bendingof the plume boundaryresult in a highly three-dimensional
shock/expansion pattern within the plume.

As seen in Fig. 7, the volume de� ned by the OB shock can be
divided into four separate regions. These regions are de� ned by the
OB shock boundaries and the re� ection lines shown in Fig. 7. The
edges of the OB shockare the points where the expansionwaves are
re� ected back into the plume as compression waves. At the point
where the compression waves cross and converge, a shock forms.33

In this � ow� eld the result is the shock disk at the top of the plume.
The y– z re� ection line roughly represents the vertical location in
this plane, where the expansion waves are re� ected off the plume
boundary as compressionwaves. Subsequent � gures will show that
the impact the OB shock has on the downstream shock structure is
delineated by this line.

By examining two-dimensional slices of the jet plume in each
of the three coordinate planes, Chenault30 has shown that region I
of the plume is primarily composed of expanding injectant with a
small degreeof re� ectedcompressionwaves.Region II is composed
of a mixture of expanding injectant from the nozzle and re� ected
compression waves from the upstream regions of the plume, and
region III is a mixture of re� ected compression waves from the
lower regions of the plume that are then re� ected downstream as
expansion waves. Finally, region IV is composed almost entirely of
compression waves converging from the other three regions of the
plume.

Several important surface structures of the � ow� eld and their ap-
proximate locationsare illustratedin the numerical oil smear shown
in Fig. 8. This representation is generated with streamtraces of the
U and W velocity components for the computationalcells adjacent
to the test-section surface. It must be noted that these streamtraces
are only two-dimensional representationsof the particle paths and
the apparent continuityof the path for a single particle in this plane
is an illusioncreated by the absenceof the V componentof velocity.
Thus, at any point in the � ow� eld, � uid from a plane above this one
may be replacing a � uid particle from this plane, which has moved
to a higher elevation in the � ow� eld.

At the edges of the nozzle exit, the high-pressure injectant ex-
pands outward in all directions. This expansion causes boundary-
layer separation upstream of the nozzle resulting in a recirculation
zone of injectant between the nozzle and the upstream extrema of
the boundary-layerseparationline at x=d D ¡1:48. The experimen-
tally measured extrema of the boundary-layer separation line is at
x=d D ¡1:55; thus, there is only a 0:07d difference in the numerical
and experimental data. Within this recirculating region the � uid is
almost exclusively injectant. At the leading edge of the recircula-
tion zone, the in� ow de� ects the injectant up from the test-section
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Fig. 8 Near-� eld numerical oil smear.

surface and back downstream. This results in a horseshoe vortex
forming behind the line, which de� nes the boundary-layer separa-
tion points. On the downstreamside of this line, there is a thin layer
of � uid containing injectant and in� ow air. This layer is less than
0:01d thick, and the � uid above this layer is almost exclusively in-
� ow air. However, becauseof the injectant’s downstreamde� ection,
it is possible for injectant to exist anywhere in the � ow� eld behind
this line.

The outward expansion of the injectant leaving the nozzle be-
tween x=d D ¡1:23 and 0.0 is held in check by the in� ow air that
has moved up and over the horseshoe vortices. When the in� ow
air and the expanding injectant near the surface collide, part of the
injectant is forced down to the surface and turned back in toward
the nozzle. The impact points of the injectant with the test-section
surface are on the attachment line seen in Fig. 8. The jet-induced
(JI) vortices, which � rst appear near x=d D ¡0:25, are a result of
the injectant turning back in toward the nozzle. Consequently, the
� uid in the region between the attachment line and the edge of the
nozzle, back to about x=d D 0:5, is almost exclusively injectant.

The lines on either side of the nozzle between the JI vortices and
the edges of the nozzle mark the points where the plume separates
from the test-sectionsurface.These two separationlines convergeas
the plume rises above the surface and near x=d D 2:0; the two lines
merge intoa singlesecondaryseparationline. In theareabetweenthe
plume separation lines, the � uid is exclusively injectant. When the
plume begins to rise above the test-sectionsurface, near x=d D 0:5,
in� ow air is drawn down to the surface and turned back in toward
the centerline to � ll the void left by the plume. The turning of the
in� ow air causes an expansion fan to form and accelerate the air.
As the plume begins to separate from the test-section surface, the
JI vortices are carried up along with it, and near x=d D 0:5 they
also leave the vicinity of the surface. Near the point where the two
plume separation lines merge, the in� ow air moving in from either
side of the nozzle collides. The line marking the collision points is
the secondary separation line. We will show later in the discussion
that the colliding in� ow air not only turns back out away from
the centerline, but is pushed up into the bottom of the plume. This
upwashcausesan upwash recompression(UR) shock in the jet wake
and an upwash slip (US) surfaceforms in the impact regionbetween
the upwash and the jet plume.

Not all of the upwash is de� ected up into the plume. Some of
it is directed back down to the test-section surface, which forms
two wake vortices near x=d D 3:0. The lines trailing downstream of
x=d D 3:0 and away from the centerline are wake vortex separation
lines.This linede� nes theMach angle (approximately10 deg) of the
UR shockat the test-sectionsurface.Finally, in Fig. 8, a wake vortex

Fig. 9 Expansion and shock structure in x–z plane (y/d = 0:91).

attachment line is identi� ed between the wake vortex separation
lines.

The � ow� eld shock structurebelow the y– z re� ection line shown
in Fig. 7 is shown in Fig. 9. Figure 9 shows that the OB shockhas the
characteristicdiamond shock patterndescribedby Hill and Peterson
of an underexpanded rocket exhaust.34 In Fig. 9, parts of the OB
shock are further categorizedas either leading-edgeor trailing-edge
OB shocks. Region I, which is bounded in this plane by the leading
edge OB shocks and the x –z plane re� ection line, is composed
almost exclusively of expansion waves originating from the nozzle
upstream of x=d D 0:0 and by compression waves re� ected from
the upstream boundary of the plume. Region II, which is bounded
in this plane by the trailing edge OB shocks and the x –z re� ection
line, is composed of expansion waves originating from the nozzle
downstreamof x=d D 0:0 and by compressionwaves re� ected from
regionsof the plume upstreamof the x – z re� ection line. The effects
of the compression waves in region II are stronger than the effects
in region I because region II is downstream of the re� ection line.
The other labeled objects in Fig. 9 will be discussed after the upper
part of the OB shock in the x –z plane is discussed.

The shocks in the upper part of the OB shock (above the y–z
re� ection line) are highly curved and form a tear-drop shape. This
shape is characteristicof free-falling � uids in an atmosphere,33 and
the pressure of the in� ow air has a similar effect on the shape of the
OB shock.The regionboundby the leading-edgeOB shocksand the
x –z re� ection line (region III) is composedof re� ected compression
waves from the lower part of the plume and to a smaller degree, of
expansionwaves from the upstreamparts of the plume. Region IV is
almost exclusively composed of re� ected compression waves from
the other three quadrants of the plume. Thus, the shocks bounding
this region are the strongest shocks encountered by the injectant as
it leaves the OB shock/shock disk structure.

Several additional shock structures critical to the downstream
description of the � ow� eld form in the wake of the OB shock and
are also introduced in Figs. 9 and 10. Where the trailing-edge OB
shocks cross in Figs. 9 and 10, a type I interference shock pattern
of the form identi� ed by Edney35 and described by Emanuel36 is
formed. As shown by the minimal turning of the particle stream
paths crossing the shocks in Fig. 9, the mirrored oblique barrel
(MOB) shocks that formed below the y– z re� ection line are very
weak shocks. These are weak shocks because they are mirrors of
the weak compression waves in region II of the OB shock.

The UR shock and US surface formed by the upwash from the
in� ow air collisionare also identi� ed in Fig. 9. As seen by the signif-
icant turningof the particle stream paths, in this part of the � ow� eld
the UR shocks are stronger than the MOB shocks. The in� ow air
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Fig. 10 Expansion and shock structure in x–z plane (y/d = 1:45).

Fig. 11 Mach contours at x/d = 2:00.

expansion fan is seen outside of the various shock structures, and
the nozzle ori� ce is also visible in Fig. 9.

Figure 10 shows that the relativestrengthsof the MOB shocksare
signi� cantly greater above the y–z plane re� ection line than they
are below it. Above this re� ection line the MOB shocks are mir-
rors of the stronger compression waves identi� ed in region IV of
the OB shock structure. The combined effects of these shocks and
the UR shocks result in a dramatic decrease in Mach number from
Mach D 6:3 in the plume to Mach D 1:7 immediately downstream
of the crossoverpoint.Figure 10 also shows that the upstream edges
of the UR shocks no longer intersect the OB shock in this plane. At
the downstream intersection of these two shocks, a type VI inter-
ference shock pattern is formed, and in the expansion region of the
interference pattern, the upwash forms a slip surface.

Complete separation of the injectant plume from the test surface
occursnear x=d D 2:00,which is indicatedin Fig. 11 by the rounding
of theMach contourson the undersideof theplume.The contourson
the undersideof the plume are � at when the plume is attached to the
surface.30 At this station, in the y–z plane, the plume has assumed
the classic shape of an underexpanded rocket exhaust. In Fig. 11
the formation of the expansion and compression waves is clearly
evident. Again, below the y–z re� ection line, the pressure equaliza-
tion process is primarily expansion of the injectant; however, at the
edges of the plume, the expansionwaves re� ect off of the boundary
as compression waves and turn the path of the � uid particles thus
forming the lower part of the OB shock. The turning caused by the
compressionwaves is illustratedby the streamtrace that exits below

Fig. 12 Mach contours at x/d = 4:00.

the re� ection line. Above the re� ection line the compressionwaves
converge to form the shock disk and the upper part of the OB shock.
The turning caused by the upper part of the OB shock is illustrated
by the streamtrace that exits above the re� ection line.

Also annotatedin Fig. 11 are the centersof rotationof the JI vortex
pair. Note that the vortex centers of rotation have remained outside
of the expandingpart of the plume and below the y– z re� ection line.

As indicated in Fig. 8, between x=d D 2:0 and 3.0, the sidewash
of in� ow air on either side of the test section collides at z=d D 0:0.
In the wake of this collision, part of the air is de� ected up into
the bottom of the plume and creates an in� ow upwash, and some
of it is de� ected down to the test-section � oor creating the wake
vortices. The impact between the upwash and the injectant on the
lower side of the plume results in a US surface and a UR shock. This
US surface is seen as the indentation at the bottom of plume, and
the UR shock extendsupward from the test-sectionsurface crossing
at a point above the wake vortices in the boundary layer.

As the � ow continues to move downstream, more and more of
the sidewash is turned up into the plume and down into the wake
vortices. This causes a virtual compression ramp to form between
x=d D 3:0 and 4.0. This virtual compression ramp acts as a guide
that turns the sidewash up into the bottom of the plume.

A snapshot of the � ow� eld resulting from the events occurring
between x=d D 2:0 and 4.0 is seen in Fig. 12. A diamond-shaped
object outlining the edges of the OB shock is seen in this � gure.

In addition to the � ow� eld features already discussed, the mech-
anism that sustains the rotation of the JI vortices is illustrated in
Fig. 12. Shown in Fig. 12 is a complex mechanism of in� ow air
de� ection and injectant leaving through the OB shock,which is sus-
taining the rotationof thesevortices.From approximatelyx=d D 0:5
to the current location of x=d D 4:0, the rotation was sustained by
the in� ow sidewash originating in the expansion fan. This sidewash
moves in toward the centerline and under the plume. When the in-
� ow sidewash reaches the bottom of the plume, it is de� ected up
and out either by the injectant leaving the plume or it is turned by
the OB shock. Thus, the opposing motion of the incoming sidewash
and the outgoing sidewash of injectant and in� ow air sustains the
rotation started at x=d D ¡0:25.

Also, between x=d D 2:0 and 4.0, the JI vortices have moved still
farther away from the test-section centerline and are beginning to
move up and around the widest extent of the OB shock.

Between x=d D 4:5 and 5.0 the upwash completely passes
through the terminus of the OB shock. Once this occurs, the upwash
quickly moves deep into the plume and by x=d D 5:0 (Fig. 13) the
US surface has moved to y=d D 1:75 from y=d D 0:75 at x=d D 4:0.
Station 5.00 is also the downstream y–z plane where the trailing-
edge OB shock and the MOB shock intersect. This crossover point
is the convergencepoint of the two strong trailing-edgeOB shocks
from region IV. The crossoverpoint is labeled in the Mach contours
for this location (Fig. 13) and is seen as the sharp reduction in Mach
number at the center of the plume.

As the � ow moves downstream from x=d D 5:0 to 6.0, the MOB
shock begins to spread, and a diamond-shaped pattern with an in-
verted tip at its bottom is seen in the Mach contours (Fig. 14). This
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Fig. 13 Mach contours at x/d = 5:00.

Fig. 14 Mach contours at x/d = 6:00.

Fig. 15 Mach contours at x/d = 7:00.

diamond pattern is the extension trailing-edge OB shock mirrored
across the crossover point near x=d D 5:0 (see Figs. 9 and 10). The
outline of this diamond pattern is the same pattern visible upstream
of the crossover point in Mach contours of Fig. 12 at x=d D 4:0.
Figure 14 shows that the UR shock has developed a kink near the
bottom of the plume. The cause of this kink becomes apparent in
Fig. 15.

Between x=d D 6:0 and 7.0 a new vortex pair develops.The turn-
ing of the upwash, which generates these recompression shock-
induced (RSI) vortices (Fig. 15), is caused by recompression as
the upwash passes through the MOB shock and the subsequent re-
expansionof the upwash as its pressure equalizes with the pressure
of the surrounding � uid.

Figure 15 focuses on the activity near the center of the plume
and shows the shock/expansion mechanism that generates the RSI

Fig. 16 Mach contours at x/d = 8:00.

vortices. This � gure shows that the RSI vortices and the JI vortices
are two separate phenomena, each having the same sense of rota-
tion. Using the relative velocity vectors, the plume boundarycan be
de� ned as the point where the in� ow and out� ow sidewash vectors
meet. Based on this de� nition, one can see that the RSI vortices are
locatedwithin the plume and the JI vorticesare outsideof the plume.
Hence, this is the � rst point within the injection � ow� eld where the
traditional representation of the injection � ow� eld shown in Fig. 1
begins to form.

The mechanism that forms the RSI vortices is illustrated in
Fig. 15. These vortices begin to form when the in� ow sidewash
passes through the UR shock and is turned upward and entrained
with the already present upwash. The upwash then passes through
the lower edge of the MOB shock. This further compresses the � uid
and turns it upward along the test-section centerline. As a result of
the compression, the upwash expands to equalize its pressure with
the surrounding� uid. The expansioncauses additional turning that
results in a localized out� ow sidewash. This out� ow sidewash then
encounters the upper edge of the MOB shock, where, once again,
the � ow is turned. However, this time it is turned down, creating
a localized downwash. This downwash is then re� ected off of the
lower side of the plume boundary and back in toward the center of
the test section. Thus, a rotation mechanism inside of the plume is
established.

Outside of the plume, the mechanism sustaining the rotation of
the JI vortices is disrupted by the expansion of the plume, and by
the time the � uid reaches x=d D 8:0 (Fig. 16), the JI vortices have
been engulfed by the expanding plume. With the consolidation of
the RSI and JI vortices, the traditional representation of injection
� ow� eld shown in Fig. 1 is established.Figures 9 and 10 show that
the disruption of the mechanism sustaining the rotation of the JI
vortices is coincidentwith intersectionof the MOB and UR shocks
between x=d D 7:0 and 8.0.

Prior to the consolidation of the RSI and JI vortices, lateral ex-
pansion of the plume is retarded by momentum and energy losses
at the boundary between the plume and the surrounding � uid (for
more details on this phenomenon, see Ref. 30). As seen in Fig. 15,
at the plume boundary the out� ow from the RSI vortices and the
in� ow from the JI vortices collide. This collision retards the lateral
expansion of the plume. Figures 9, 10, and 16 show that once the
RSI and JI vortices are consolidated the lateral expansion of the
plume continues at an accelerated rate.

Run-Time Analysis
All of the computations for these simulations were performed on

the Cray J916 computer located at the AeronauticalSystems Com-
mand Major Shared Resources Center, Wright–Patterson Air Force
Base,Ohio.Typicalrun-timedata for this simulationare presentedin
Table 3. These data show there is a linear increase in CPU time/grid
point iteration,total run time, and memory requirementsfor each ad-
ditional equation added to the governing equations. In other words,
the RSTM simulation required � ve-sevenths more resources than
that required for the K –² simulation.
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Table 3 Run-time analysis

CPU time/grid Total no. of Run time, Memory
Model point/iteration, ¹s iterations s £ 10¡3 required, MW

K –" 19 8000 470 170
RSTM 32 8000 790 256

Conclusions
This study has presented a qualitative and quantitative compar-

ison of the second-order ZSGS RSTM and ZSGS K –² model to
experimental data for a TJISF. This comparison showed the su-
periority of the RSTM to the K –² model in predicting physically
correct behavior of the turbulent cross� ow shear stress. The RSTM
predictionfor the magnitudeand distributionof ¿x y comparedfavor-
ably with available experimental data. In contrast, the K –² model
had predicted magnitudes well but gave poor agreement with the
distribution of the shear-stress data examined. The incorrect distri-
bution of the shear-stress was brought about by the unidirectional
evaluation of the velocity gradients imposed by the Boussinesq ap-
proximation.

An examination the � ow� eld predicted by the RSTM has pro-
videdgreaterunderstandingof the physicalbehaviorof the � ow� eld
immediately surrounding the nozzle ori� ce and the mixing mech-
anisms of an injection � ow� eld. The mechanism responsible for
enhanced vortical motion of the � ow� eld was the MOB shock and
the upwash created by collision of the in� ow sidewash behind the
injectant plume. Also, the interaction of these two � ow phenomena
resulted in the RSI vortices. These vortices formed downstream of
the crossover point and inside the jet plume.

The desired lateral expansion of the plume was impeded by the
JI vortices. The JI vortices, which were initially formed at the sides
of the nozzle ori� ce, extendedback along the sides of the jet plume,
following the path of the UR shock as it propagated through the
test section. The mechanisms that sustained the JI vortices retarded
plume expansionby directing in� ow sidewash back toward the cen-
ter of the test section and into the plume. The mechanisms that
generated the RSI vortices accelerated plume expansion by creat-
ing an out� ow sidewash, forcing the injectant to move out away
from the center of the test section. Once the MOB shock and the
UR shock intersected with each other, the mechanisms sustaining
the JI vortices were disrupted, and lateral expansion of the plume
accelerated.

A major implication of the numerical results presented in the
preceding section is that mixing enhancementcan be accomplished
if two elements of the � ow� eld are controlled: the location of the
crossover point and ampli� cation of the upwash de� ected up into
the plume.

The � rst element to enhanced mixing is moving the crossover
point as close to the terminus of the OB shock as possible. This re-
quires shaping the convergenceangle of the trailing-edgeOB shock
in the x –z plane. This angle should be as large as possible. A large
angle will necessarily result in a shorter OB shock and an earlier
crossoverof the shocks.Controlof these two factorsmay bepossible
bychangingthe shapeof thenozzleori� ce and theangleof injection.
The elliptic nozzle and the 25-deg injection angle simulated in this
study resultedin a convergenceangleof approximately20 deg and a
crossoverpoint about5d downstreamof the nozzle center.The shal-
low injectionangle certainlycontributedto the downstreamelonga-
tion of the OB shock, and the elliptic shape of the nozzle may have
contributed to the rather shallow convergence angle of the trailing-
edgeOB shocks. It seems reasonablethat injectionat a steeperangle
with a circular nozzle will result in a crossover point closer to the
nozzle exit. However, caution must be used in the selection of the
injectionanglebecausesteeper injectionangles will result in greater
� ow blockageand strongerbow shocks, both of which cause higher
total pressure losses and, ultimately, thrust reduction.9

Upwash ampli� cation is the secondelement suggestedfor mixing
enhancement.We suggestedhere that the more � uidpassingthrough
the MOB shock, the more rotationwill result.Wilson et al.32 investi-
gated a series of ramps and cones located immediately downstream
of the injectorport, and theyfound that thevorticitywithin theplume

could be signi� cantly enhanced or reduced depending on the ramp
geometry. The expectation is based on the present analysis, that the
in� uence of the ramp on the recompression shock was the primary
mechanism responsible for the large changes in the downstream
plume character.Further, the suggestionis made that proper shaping
of downstream ramps using the method of characteristics to guide
more of the upwash into the MOB shockwill result in signi� cant im-
provements in mixing ef� ciency and reduced total pressure losses.
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